This paper proposes an efficient simplified method to determine the modal dynamic and earthquake response of coupled flexible beam-fluid systems and to evaluate their natural vibration frequencies. The methodology developed extends available analytical solutions for mode shapes and natural vibration frequencies of slender beams with various boundary conditions to include the effects of fluid-structure interaction. The proposed method is developed for various beam boundary conditions considering lateral interaction with one or two semi-infinite fluid domains. Numerical examples are provided to illustrate the application of the proposed method, and the obtained results confirm the importance of accounting for fluid-structure interaction effects. We show that the developed procedure yields excellent results when compared to more advanced coupled fluid-structure finite element solutions, independently of the number of included modes, beam boundary conditions, and number of interacting fluid domains. The proposed simplified method can be easily implemented in day-to-day engineering practice, as it constitutes an efficient alternative solution considering the fluid-structure modeling complexities and related high expertise generally involved when using advanced finite elements.
Introduction
Several civil engineering and industrial applications involve the vibrations of beam-like structures in contact with water or fluid domains, including dams, navigation locks, quay walls, break-waters, offshore platforms, drilling risers, liquid storages, nuclear reactors, oil refineries, petrochemical plants, fuel storage racks, etc. This popular topic has attracted many researchers over the last decades and various approaches were proposed, varying from simplified to more complex analytical and numerical formulations. Neglecting structural flexibility, Westergaard [1] introduced the added-mass concept and applied it to a dam-reservoir system, and later Jacobsen [2] and Rao [3] generalized the added-mass formulation to evaluate hydrodynamic effects on rigid circular and rectangular piers vibrating in water. Goto and Toki [4] and Kotsubo [5] evaluated the hydrodynamic pressures induced by harmonic motions on circular or elliptical cross-section cylindrical towers along rigid body and deformed mode shapes. Chopra [6, 7] showed that a dam's flexibility influences significantly its interaction with the impounded reservoir, and consequently the overall dynamic and seismic responses. Other studies also confirmed the importance of accounting for structural flexibility and fluidstructure interaction [8] [9] [10] [11] . Han and Xu [12] developed an analytical model to compute the modal properties of a slender flexible cylinder vibrating in water, and proposed a simplified added-mass formula to compute its natural frequencies. Other researchers studied the sensitivity of the hydrodynamic response of cantilever structures to various factors, such as: (i) a tip mass or inertia concentrated at one end [13] [14] [15] [16] , (ii) a restrained boundary condition at the base of the beam [16] [17] [18] , and (iii) non-uniformity of beam cross-section [16, 17, 19] .
Most of the previous studies focused on cantilever structures surrounded by fluid. Work on beam-like structures interacting with 2D semi-infinite fluid domains was mainly related to dam monoliths impounding water reservoirs, while fewer researchers investigated the behavior of slender beams subjected to hydrodynamic loading of the latter type. Xing et al. [20] , Zhao et al. [21] and Xing [22] developed analytical formulations to examine the dynamic response of a cantilever flexible beam interacting with a 2D semi-infinite water domain, and discussed the effects of various boundary conditions of the fluid domain. Nasserzare et al. [23] proposed a procedure to extract the natural frequencies and modes of a dry structure from vibrational data containing fluid-structure interaction effects, and they applied the methodology to a beam-water system. De Souza and Pedroso [24] developed a finite element procedure to determine the coupled dynamic response of a Bernoulli beam interacting with a 2D acoustical cavity, and they validated the vibration frequencies and modes obtained by comparing to other finite element and analytical solutions.
The present paper is motivated by the need to develop simplified methods extending results from classical vibration beam theory to include the effects of 2D hydrodynamic forces on one or both sides of a vibrating beam. The majority of the previous work and other relevant literature addressed hydrodynamic effects on cantilever beams, fully clamped or partially restrained at the base, and little attention has been given to other boundary conditions such as pinned or sliding supports. Most of the previous studies also focused on the determination of the modal properties of a vibrating beam interacting with a fluid, while less concern has been devoted to the time evolution of beam's earthquake response indexes such as displacements, shear forces, and bending moments. These restrictions will be addressed in this paper. Fig. 1 shows a slender beam of height H vibrating in contact with fluid on one or both sides. We adopt a Cartesian coordinate system with origin at the base of the beam, a horizontal axis x and a vertical axis y coincident with the axis of symmetry of the beam. The semi-infinite fluid domains have a rectangular geometry with constant height equal to that of the beam. We denote by Λ f the number of fluid domains in contact with the beam, and by left and right side fluid domains those extending from the beam towards negative and positive x directions, respectively. Both configurations illustrated in Figs. 1 (a) and (b) will be investigated here, i.e. Λ f = 1 and Λ f = 2, respectively. The beam will be referred to as dry when it is in contact with one fluid domain at least, i.e. Λ f > 0, and wet otherwise. The boundary conditions of the beam can be Clamped-Free (CF) as shown in Fig. 1 or Clamped-Pinned (CP), ClampedSliding (CS), Clamped-Clamped (CC) or Pinned-Pinned (PP) as illustrated in Fig. 2 . Points at the top, middle and base of the beam are denoted by A, B and C, respectively, as shown in Fig. 1 (a) . These points will be used later to illustrate various dynamic responses of the studied beams. We also assume that: (i) the beam is slender so that only flexural deformations are considered, i.e. Euler-Benoulli beam theory is used; (ii) the beam is made of a linear, homogenous, and isotropic elastic material; (iii) only small deflections normal to the undeformed beam axis are included; (iv) the fluid is incompressible and inviscid, with its motion irrotational and limited to small amplitudes, (v) the fluid remains in full contact with the beam during vibration due to the assumption of small displacements, and (vi) gravity surface waves and non-convective effects are neglected.
Modal dynamic response of a beam-fluid system

Basic assumptions and notation
Governing equations
We first assume that the beam-fluid system is subjected to a unit harmonic free-field horizontal ground motionü g (t) = e iωt , where ω denotes a forcing frequency, t the time variable and i the unit imaginary number. Using a modal superposition analysis, the frequency response functions along beam's height of lateral displacement u, lateral accelerationü, bending mo-ment M and shear force V can be expressed as
where N s denotes the number of dry beam modes included in the analysis, ψ j the x-component of the j th vibration mode shape ψ j , j = 1 . . . N s , of the dry beam,Z j the corresponding generalized coordinate, E the modulus of elasticity of the beam and I the moment of inertia of the beam about bending neutral axis.
Based on previous studies [25] [26] [27] , the vectorZ of generalized coordinatesZ j (ω), j = 1 . . . N s , can be obtained by solving the system of equations
which translates the beam-fluid system's dynamic equilibrium between inertia, damping and elastic forces resulting from the vibrations of the beam and hydrodynamic forces generated by the interacting fluid domain(s). The elements of matrixS and vectorQ in Eq. 
in which δ j,m denotes the Kronecker symbol and -p 0 is the frequency response function for hydrodynamic pressure exerted on the left side of the beam due to its rigid body motion; -p j is the frequency response function for hydrodynamic pressure exerted on the left side of the beam due to its horizontal acceleration ψ j (y); -ω j is the natural frequency corresponding to the j th dry beam vibration mode shape ψ j ;
-η is an assumed constant hysteretic damping ratio; -M j and L m are respectively the generalized mass and force given by
in which µ s is the beam's mass per unit height andψ is a function resulting from the introduction of the change of variableȳ = y/H into the mode shape function ψ j .
The mode shapes for slender beams were reported in many references such as [28] [29] [30] [31] . The formulation given by Young and Felgar [28] and Blevins [30] is adopted here. The expressions of beam mode shapes are reviewed in Appendix A for the studied beam boundary conditions illustrated in Fig. 2 . For each beam configuration, the expressions for parameters β j and σ j , j = 1 . . . N s , required to obtain beam mode shapes are provided in Table A1 . These parameters are computed using high precision arithmetic for the first 10 beam modes, i.e. N s = 10, and are given in Tables 1 to 7 for all the beam configurations studied. We note that high precision arithmetic is generally required to compute dry beam modes due to round off errors associated with the hyperbolic functions when the argument is large. This problem has been discussed by several authors such as in [29, 31] .
Introducing beam mode shapes into the integrals of Eqs. (6) and (7), we show that: (i) the parameter M * j = 1, j = 1 . . . n, for all beam boundary conditions except the PP beam configuration which corresponds to M * j = 1/2, j = 1 . . . n, and (ii) that the parameter L * m can be evaluated for m = 1 . . . N s using the closed-form expressions
for CF and CS boundary conditions,
for CP, PC and CC boundary conditions, and
for PP boundary conditions. Since the generalized mass parameter M * m (14) where ρ f denotes the fluid mass density, and the parameters I ℓ,n are given for ℓ = 1 . . . N s and n = 1 . . . N f as
The integral in Eq. (15) can be evaluated using integration by parts, yielding the closed-form expressions
for beam configurations CF, CP, CS and CC,
for beam configurations PC and SC, and
for beam configuration PP. The functions P ℓ,n and R ℓ,n in Eqs. (16) to (18) are defined by
for ℓ = 1 . . . N s and n = 1 . . . N f .
The expressions in Eqs. (16) to (18) show that the integrals in Eqs. (12) to (14) and corresponding series are convergent. For each studied beam configuration, the numerical values of parameters θ * j,m defined in Eqs. (12) to (14) are given in Tables 1 to 7 for j = 1 . . . 10 and m = 1 . . . 10. We note that high precision arithmetic was used to compute these parameters for maximum accuracy of the results [32] . Using the relations in Eqs. (12) to (14) , it follows 6 that Eqs. (4) and (5) can be rewritten under a more compact form as
The natural frequencies ω j in Eq. (20) can be obtained as [28, 30] ω j = α β 2 j for j = 1 . . . N s (22) where the parameter α is defined as
Frequency and time domain response solutions
To obtain the dynamic frequency response of the studied beam-fluid systems, the system of equations (3) has first to be solved for the vectorZ of generalized coordinates considering frequencies ω in the range of interest. Standard matrix analysis numerical schemes could be used for that purpose. Once the generalized coordinatesZ j (ω), j = 1 . . . N s , are determined, frequency domain responses along beam's height of lateral displacement u, lateral accelerationü, bending moment M and shear force V can be determined using Eqs. (1) and (2). The corresponding time-history responses of the beam under the effect of an arbitrary ground accelerationü g (t) of duration t a , i.e. 0 t t a , are given by
in which the second and third derivatives of mode shapes ψ j , j = 1 . . . N s , are given in Appendix A, and where the time-domain generalized coordinates Z j are given by the Fourier integrals (26) withū g (ω) denoting the Fourier transform of the ground accelerationü g (t), given bȳ
Evaluation of the natural frequencies of coupled beam-fluid systems
The resonant frequencies of a vibrating beam-fluid system is an important feature characterizing its dynamic behavior. These frequencies can be approximated by the frequencies ω j , j = 1 . . . N s , that maximize or make infinite the generalized coordinatesZ j . For this purpose, simplified frequency-dependent expressions of the generalized coordinates need to be obtained first. If only the first structural beam mode is included in the analysis, i.e. fundamental mode analysis, Eq. (3) simplifies toS
and the only generalized coordinateZ 1 is then given bȳ
Therefore, the coupled vibration frequency ω 1 in a fundamental mode analysis can be obtained by solving the equation
which corresponds to an infinite generalized coordinateZ 1 . Using Eq. (20) with null damping yields
or according to Eq. (22)
where the parameter ζ is defined by
Eq. (32) can also be expressed in terms of the ratio Ω 1 of the fundamental frequencies of wet to dry beams
If two beam modes are included in the analysis, the system of equations (3) takes the form
yielding the generalized coordinates
Eqs. (36) and (37) imply that the first and second coupled vibration frequencies ω 1 and ω 2 , respectively, can be obtained by solving the equation
which corresponds to infinite generalized coordinatesZ 1 andZ 2 . SubstitutingS 1,1 ,S 1,2 and S 2,2 by their expressions from Eq. (20) and simplifying, Eq. (38) can be transformed into the
where χ = ω 2 and
The first and second coupled vibration frequencies ω 1 and ω 2 correspond then to the smallest χ (min) and largest χ (max) real positive roots of the quadratic equation (39), yielding
Closed-form expressions for higher coupled vibration frequencies, i.e. N s > 2, are more difficult to obtain and cumbersome when successfully determined. These frequencies can then be determined numerically by finding the roots of equation
with null damping. An efficient numerical solution can be obtained by rewriting Eq. (20) with null damping as
Eq. (42) is then equivalent to
where Θ * is the N s × N s matrix with elements θ * j,m , j = 1 . . . N s and m = 1 . . . N s , and D is a diagonal matrix with elements d j,j , j = 1 . . . N s , given by An important result brought by Eq. (44) is that the ratios Ω j = ω j /ω j , j = 1 . . . N s , depend only on: (i) the parameter ζ, which is function of the fluid and beam material properties ρ f and µ s , the height of the beam H, the number of fluid domains in contact with the beam Λ f and the generalized mass M * , and (ii) the parameters θ * j,m , j, m = 1 . . . N s , which, as given by Eqs. (13), and (15) to (18), depend on the boundary conditions of the studied beam.
Illustrative examples
Beam-fluid systems studied
In this section, we assess the effectiveness of the proposed formulation in determining the dynamic response of beam-fluid systems. For illustration purposes, we consider a beamwater system where the beam has a height of 10 m and a unit square cross-section of 1 m 2 .
We assume that the beam can be subjected to the CF, CP, CS, CC or PP boundary conditions illustrated in Figs. 1 and 2. Two beam materials are considered: (i) Concrete with a mass density ρ s = 2440 kg/m 3 and a modulus of elasticity E = 25 GPa; and (ii) Steel with a mass density ρ s = 7850 kg/m 3 and a modulus of elasticity E = 200 GPa. A water mass density ρ f = 1000 kg/m 3 is used and the effects of one and two water domains, i.e. Λ f = 1 and 2, are investigated. The proposed simplified technique presented in Section 2 was programmed using MATLAB ® [33] and then applied to investigate the dynamic response of the concrete and steel beam-water systems. For comparison purposes, finite element analyses of the beam-water systems are also conducted using the software ADINA [34] , where the beam and water domain(s) are discterized into 2-nodes beam finite elements and 4-node potential-based (acoustic) finite elements, respectively. The procedure used to obtain the dynamic response of the beam-fluid system is known as the φ − U formulation since it is expressed in terms of displacements U and velocity potentials φ as state variables in the beam and fluid domains, respectively. Details of the φ − U formulation can be found elsewhere [26, 35, 36] . In these finite element analyses, fluid-structure interaction is accounted for through special elements at the beam-fluid interface. Beam vibrations cause fluid motions normal to beam-fluid inter-face, and the fluid induced-pressure cause additional hydrodynamic loads to act on the beam. In the present case of two-dimensional analysis, the beam-fluid interface elements are 2-node line segments, which connect 2-node beam elements to adjacent 4-node potential-based fluid elements on the fluid domain boundary. The potential and structural degrees of freedom are related through a compatibility boundary condition. The performance of the potential-based formulation and the fluid-structure interface elements was assessed in a previous work [26] . Semi-infinite water domain is simulated by a finite water domain with a rigid boundary condition applied at a certain distance, large enough to eliminate reflection of waves at the far end of the fluid domain.
Earthquake time-history response of the beam-water systems
We first validate the ability of the proposed formulation to evaluate earthquake time-history responses for displacements, accelerations, shear forces and bending moments. They also show that the earthquake response of the beams is clearly affected by the fluid-structure interaction and the number of water domains in contact with the beam. When comparing the seismic behavior of the dry and wet beams, we clearly observe the amplification of the amplitudes of all the response quantities studied, which emphasizes the need to include fluid-structure interaction effects for such applications. The results also confirm that fluid-structure interaction modifies the natural vibration frequencies of the beam-fluid systems, a phenomena that will investigated further in the next two sections.
It is also important to compare the finite element solution and proposed method in terms of execution CPU times. For illustration purposes, this information is compared next for the computation of time-history accelerations at point A of the concrete beam-water system having a CF configuration, and subjected to El Centro earthquake as described previously. The same time step of 0.005 s is used in both techniques and 10 beam modes are included in the response. The CPU times are obtained using one core of a 2.33 GHz Intel R Core TM 2 Duo Processor T7600, yielding 780 s and 1500 s for the finite element solution applied to the beam vibrating in contact with one and two water domains, respectively, and 26 s for the proposed method applied to the beam vibrating in contact with one or two water domains.
It is important to note that the previous execution times of the finite element solution do not include the tasks of modeling, meshing and post-processing, which can significantly add to the computational burden associated with finite elements. Therefore, we can clearly conclude about the high effectiveness of the proposed method in assessing the dynamic response of beam-fluid systems. It is also worth mentioning that, from a practical engineering standpoint, the proposed formulation constitutes an interesting alternative solution considering the fluidstructure modeling complexities and related high expertise generally involved when using advanced finite element software.
Frequency domain response of the beam-water systems
In the previous section, the response of the beam-fluid systems was studied in the time domain under the effect of an earthquake having a given frequency content. In this section, the frequency domain response of the beam-fluid systems is investigated. For this purpose, frequency response curves of beam lateral accelerations are determined using Eq. (1). For each beam configuration shown in Fig. 2 , frequency responses are determined over a range from 0 to 20 ω 1 , where ω 1 denotes the fundamental frequency of the corresponding dry beam. The results are shown in Fig. 8 for the CF beam configuration and Fig. 9 for the other beam configurations, respectively. Only frequency response curves of the concrete beam-fluid systems are shown for the sake of brevity. Figs. 8 and 9 also illustrate the results obtained using coupled finite elements as well as those corresponding to the dry beams. It is clearly seen that the proposed method is in excellent agreement with the finite element solutions for all beam configurations studied. The results demonstrate the shift of resonant frequencies towards lower frequencies due to fluid-structure interaction. The amplitude of frequency shift varies as a function of the mode considered, the constitutive material of the beam, its boundary conditions, as well as the number of interacting reservoirs. Finally, the effects of various boundary conditions on the dynamic response of the concrete beam-fluid systems can also be observed by comparing the frequency response curves in Figs. 8 and 9 . It is important however to interpret these curves in terms of frequency ratios ω/ω 1 , keeping in mind that the fundamental frequency ω 1 of the corresponding dry beam also contains the effects of boundary conditions.
Coupled frequencies of the beam-water systems
In this section, we assess the efficiency of the proposed method in predicting the 10 first natural frequencies of the concrete and steel beams described previously. The natural frequencies are determined for all the above-described beam configurations and the results are expressed in terms of the frequency ratios
in which j = 1 . . . 10, ω j is the natural frequency of the dry beam computed using Eq. (22), and ω (FE) j and ω (PM) j denote the natural frequencies of the beam-water systems determined using finite elements (FE) and the proposed method (PM) described in Section 2.4, respectively. Tables 8 and 9 contain the obtained frequency ratios for concrete and steel beam-water systems, respectively. We clearly see that the ratios predicted by the proposed method and finite elements are practically identical independently of the constitutive material of the beam, the mode number and beam boundary conditions. The computed frequency ratios also emphasize the importance of beam-water interaction effects on the natural frequencies and consequently the dynamic response of the system. For example, in the case of the Sliding-Clamped (SC) beam configuration with water on two sides, the ratio of the natural frequency of the dry beam on the wet beam reaches 0.40 and 0.62 for the concrete and steel beam-water systems, respectively. For a given mode, the frequency ratios depend on the constitutive material of the beam, its boundary conditions and the number of fluid domains in contact with the beam. When comparing frequency ratios obtained for the concrete and steel beam-water systems, we see that the effect of fluid-structure interaction decreases with larger beam stiffness. We also observe that the frequency ratios tend towards unity for higher modes, implying that hydrodynamic effects on the natural frequencies diminish as a function of increasing vibration modes.
Conclusions
A new formulation was proposed to study the modal dynamic and earthquake response of flexible beam-type structures vibrating in contact with one or two fluid domains. The methodology developed extends available analytical solutions for mode shapes and natural vibration frequencies of slender beams with various boundary conditions to include the effects of fluidstructure interaction. Simplified expressions are then developed to determine the frequencyand time-domain dynamic response of coupled beam-fluid systems and predict their natural vibration frequencies. Two beam-fluid systems were selected to illustrate the application of the proposed method and validate the results against advanced coupled fluid-structure finite element solutions. We showed that the proposed technique gives an excellent assessment of (i) the earthquake and frequency responses of coupled beam-fluid systems, and (ii) the natural vibration frequencies independently of the mode number and beam boundary conditions.
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The numerical results confirmed the importance of accounting for fluid-structure interaction effects which may reduce by more than twice the fundamental vibration frequency of the dry beam and amplify its response quantities. From a practical standpoint, the proposed procedure offers an obvious advantage when compared to advanced finite elements including fluidstructure interaction capabilities. In the latter case indeed, the complexity of constructing the finite element model of the beam-fluid system is added to the need to satisfy convergence criteria related to the number of elements or nodes in the beam model as well as the truncation length of the fluid domain. The proposed method can be easily implemented in day-to-day practice, and can be used efficiently either to predict the modal dynamic properties and response of beam-fluid systems for design purposes, evaluate such properties and response for existing beam-fluid systems, or extract dynamic properties of a dry beam based on available modal data of a beam-fluid system. Finally, the methodology proposed can be extended to other types of structures for which mode shapes and natural vibration frequencies can be evaluated or approximated using closed-form expressions.
Appendix A
This appendix reviews the mode shapes ψ j , j = 1 . . . N s , of a slender beam and its derivatives as a function of the various boundary conditions illustrated in Fig. 2 [28, 30] : -For Clamped-Free (CF), Clamped-Pinned (CP), Clamped-Sliding (CS) and Clamped-Clamped (CC) boundary conditions
where the parameters β j and σ j are given in Table A1 for the different boundary conditions. -For Pinned-Pinned (PP) boundary conditions
where the parameters β j are given in Table A1 . -For Pinned-Clamped (PC) and Sliding-Clamped (SC) boundary conditions, the mode shapes and their derivatives can be obtained by replacing the coordinate y by (H − y) in the right hand sides of Eqs. (A4) to (A6).
The corresponding functionsψ j , j = 1 . . . N s , in Eqs. (6), (7) and (15) are given by -For Clamped-Free (CF), Clamped-Pinned (CP), Clamped-Sliding (CS) and Clamped-Clamped (CC) boundary conditions
-For Pinned-Pinned (PP) boundary conditions
-For Pinned-Clamped (PC) and Sliding-Clamped (SC) boundary conditions
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